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Tire fYOUJTION AND Af>7>LI[ATI011 rF ?I 
flvrwM 5peci.aJ. 5:Wdi..v.J 
b!f 
[atwi..yn 7?h.vd.v.J · 
/J;fl. 
0fl., D. !11. 5 eJJXJ.rui 
TH(, t)IQUJTIQ~ IWO AfYfYLI(ATIO'V OF fYI 
TAeA.e 1.4 no (X1.Il-i of iAe ardi:hmeii..c i.htd. deaL, wLi:h. app!Wx.i..tna:ti.oM 
i:lud. 1.4 m:>ll.e i..n.:teA.€4:fi.ng, :fJum. :/:Aa;t uAi..ch. -1e~ i:.o f-ind i:Ae ll.Cd1.o of i:Ae 
ciA.cwn/eA.en.ce of a ciA.cl.e to i..1:4 cLiameieA.. T hM tUdi..o h.w.J 6 een. -1iudi.ed 
/Jwm boi:A a p~tacti._caJ.. and a i:Aeoll.eii..caJ.. -1:fand.poi..rd.. U rrdeA. i:Ae r1a/Jle 
11 ~e of i:Ae ciA.cl.e 11 U o ccupi..ed rna.t:Ae.rna:li..ci..aJv.J foil. many :th.ot.JAa.nt:iA 
of yea!V:11 D~nin.tJ wLi:h. :th.e 8i..6l.e and exi~ :tv iAe :/:wen:/:.i_e:f:h. ceni:uJz.y. 
!flan.y anci..erd people knew i..n a g-en.e.Jl11;;( way of :l:h.i.A IUdJ..o 6td :th.e 
~:l ll.econd.ed t.JAe 1.4 found i..n i:Ae Old T e1i:.amen:l wLi:h. iAe de4Cil.i..pi:i.on of 
Solomon 1-1 T empl.e i..n F 1.AA:l K~ 7:21. K~ 1/i..Jwm of l !fll.e nvde fo.n. :th.e 
T empl.e a ciA.cul.a.;z. DMi..n cailed. !'a rol.:ten. -1ea. 11 I:t IJ}(JA ":ten. cu6w /Jwm 
iAe one 61li.m io i:Ae oiAeA.,' U IJ}(JA rwwui ail a6ouf., and hiA AeU;;Jd IJ}(JA 
fi-ve cu6w: and a. l.i..ne o/- i:Ju.Jz.:ty cu6w d1.d. compa4-1 U rw.und a6ou:t. 11 
F rwm i:AiA. 1r UJa/.J MceA.iaJ..n.ed to 6e ~ i:.o i:Ail.ee. 1 The -1econd men.:l:i.on 
of 7t , pell.h.ap-1 :th.e olde-1:!:., (t.JAed. heA.e M i:Ae -1ymhal. {.oil. i:Ae ll.Cd1.o of i:lte 
ciA.cwnfeA.en.ce of- a ciA.cl.e to w cLiameieA., 6u:t no:l e1i:a6whed M a 
d.ef-i.n.i..ie -1ymhol. untU 1706 6y I))Lili.am )one-1/_ 1..-1 J.aied ]000 B.( .. i.n i:Ae 
ae1Cil.i..p:ti.on of iAe p~ of f.9up:.l:.. The· -1i.de1 and hei.i;}A;fA of iAe 
p~ of (heop-1 arrd. SnefeA.U a:l yL~eA Me i..n i:Ae ll.Cd1.o I I :7, uAi..ch. 
'-'f!.A.cl.e," Woll.id Book. (,nc!fclopedi.a (1.959), 3, 242]. 
2(ap;rU, F l.orU..an, A fli..-1toll.y. of (,l.emen.:lall.ff /'f/a;th_e.rna:li..C-1, New '!ollh.: 
The /Yhcrni.JJ..an. (ompa.nf/1 l.9lt2, ]2ft pp. -
the IU1.i:l..o o I hnl.f the pelll..meieJZ. io the he4JM 3 1./7. 3 
The nex:l:. a:f.i:.emp:/:4 io CJJmpuie the value of 1( weJZ.e o{ien c:.a/.Ji i..n 
ih.e aLLi.ed {tlll.m of /.JCfl-~ ih.e ci.A.yl.e. TAe 7?/U..nd rpap!f'Ul/.J o/ aboui 
1?00 B.{;.; p!Wv.ui.ed a pe!Z.feci:. ex.arnpl.e i..n A 11~ lno/.Je 1 /.J i..njund:i.on io 11 cui:. 
one-rW?.e:!:h.. of/ the di..ame:t.eJZ. aJ?Ii. CJJn/.Jhw.d a /.JCfi-arLe on .u,. i.i./.J arLea will.. 
be eqp.al. io ih.ai of the ci.Acf.e. 11 In otheJZ. UJOilfiA, 1( iA theJZ.e decf.arLed 
io be (4/3/1 o(.i.. 3.1605, a mo/.J:l ll.e/.Jpeciabl.e value--one thai iA llKlfj-ah.ead, 
noi oni.v of 5ol.omon 1 /.J unw.wcLoml.v ih.ll.ee, bui moll.e i.mpll.e44i..vel.v of the 
app!W~n Med bv CJJmpeieni 'Roman ~eeM /.Jome /.Ji.x:lff r;eneJ'l.Cdl..on/.J 
4 l.ai;eJZ.. 
2 
Nex:t CJJme/.J a l.orli} Mil of yll.eeh. rna:I:Aemai:.i..ci.aJv.J uiw ai.i:ach.ed the 
pMbl.em o I 7( . Whe:!:h..eJZ. the ll.e/.J earLcAe/.J o / the the memb eM o / the I o ni..an 
5 dwol, the rp~ll.i.aruJ, Ana3CJ9-0il.M1 1/i..ppi.aA, An:ti..plw., aJ?Ii. 81l.!f/.JO l.ed 
io numell.i..cal. appll.Oxima:ti.oM foil. the value of 71 iA rkubiful., and ih.ei..ll. 
i..nve/.Jil.gcdi.oM arLe Vell.ff uncf.earL. The ~e of cell.i:.a.J..n l.une/.J bv 
Ai..ppoC!l.aie/.J of C!Uo/.J iA i..rli}eni..oM and CJJ!l.ll.eci:., bui a vaiue of?T cannoi 
be thence dedil.ced,. and i.i. /.JeeJM l.i.h.ei.v thai the l.ai;eJZ. membeM of ih.e 
Aii:Aeni.an 5dwol. CJJncerd:lu:d.ed ih.ei..ll. ef~w on otheJZ. Cfi-e/.Jil..oM. I:t iA 
pll.Obabl.e thai C,ucl..uJ., the i..l.l.U41Ai.oM {ound.eJZ. of the Al.ex.~ 5 dwol., 
1./)(J./.J QJ1JQJ1.e that 7( llKl/.J rJ!l.eaiell. ih..an. :I:.M.ee aJ?Ii. l.e/.J/.J ih.an ~Uil., bui he di.d 
noi 4i.a:te ih.e JZ.e/.Jul.i ex.pl.i..ci.:tel.v. 5 
The /i..JVJ:l 4ci..en:ti..f-i..c at.i:.empi io CJJmpuie 7( /.Jeem/.J io be thai of 
, 3 5 cAepl.en., fl eJZ.man C. , !rlaJ.h_e.rnaiJ..C4 !1hg_a3'0-e, 2 3 ( :Januall.ff-F ebm!f, 
1.950). 
4y~eman, N. T., 11Ci..ll.cume:t.ll.i..C41 11 Sci.en:ti..{i.c tnonthl.!h 77 (:Jui.!fo 
1.953), JL.-5. 
5BaJ.1. W. W. 'RoMe, /th:.th_emai:.i..cc0- 'R.eCil.eai:J..oM and C/.J/.Jaf111 New fJord?.: The /flaani..l1.a.n Compan!f, ./}::Jlf?, !fl8 pp. · 
" I 
An.dWned.~. In 1-zJ.A book. !r1eaAun.emerd of- i:Ae (i.A.cle, An.dWned.~ pn.~~ 
i:An.ee pn.opo.<Ji.i:i..oM /.JUlJ')~i:JJu; i:Ae valn.e of- 7( • 6 He pn.ov~ fuu;t. iAa:t 
i:Ae a/l.ea of- a ci.A.cle .W e.qJlal. :fu i:h.a::t o / a ~Zi.gJd i:lti.ang)..e hav i.r1fJ i:Ae 
l..eng;f:A o/ i:Ae ci.A.curnf-en.ence /oil. J..i:4 Da.<Je, and :th.e ~ fon. J..i:4 al.i:i..-
i:ude. 1 n :fiU.A lie. a/.J.<Jum~ i:h.a:t :th.en.e. exi.A:.t4 a /.J~ l.i..ne e.qJlal. i.n. 
.1.~ :fu i:Ae ci.A.curnf-en.ence--an M.<Jwnpi:ion o6jeded. :fu by .<Jome anci.eni:. 
Cll:i.:l:l..C.<J, on :th.e 9fWW?fl. i!ud. il .W not evi.deni:. i:h.a::t a /.J~ l.i..ne can 
e~ a Cll.ll.Vef{ one. Th.e ~ of- .<JucA a -liine UKv.J i:Ae next. pn.o6l..em. 
3 
He ~;t ~ anuppen. li.mU:. :fu :th.e n.ai:io of :th.e ci.A.curnf-en.ence :fu :th.e 
di..amei:.en., on. 71 • To do :IJU.A, h.e .<Ji:a.lt.i:4 wLt:A an ~en.al. i:lti.ang)..e of-
wiU.cA :th.e Da/.Je .W a :f:an.t;erd and i:h.e ven.i:.ex .W :I:Ae ceni:.n.e of- i:h.e ci.A.cle. 
8!1 .<Jucc~.<Ji..vel..!f 6-Wec:tLn.rJ :t.Ae angle at. i:h.e ceni:.n.e, D!f comparU..ng- n.aiio.<J, 
and D!f i:a!Wu;J t.h..e i..ll.n.ai:ional .<Jq;w.n.e n.ooi. a1uxL!f4 a lJ..i:i:j_e :fuo .<JmaJ.l., h.e 
f-i-naM-!1 all.ll.i..ved ai:. i:h.e conclu.<Ji..on i:h.a::t 7r ~ 3 I 17. /V exi:. h.e {-ind4 a 
l..owen. li.mU:. D!f i..tv.JC!l.i..6i.rlfj i.n. i:h.e ciAcle n.~ pol!!JOM of- 6, I 2, 24, 
48, 96 .<Ji.d~, ~ fon. each. .<Jucc~.<Ji..ve pol..w-on J..i:4 pe!U..mei:.en., ulU..cA .W 
a1uxL!f4 l..~.<J i:Aan :th.e ci.Acurnf-en.ence. Th.u.<J h.e f-i-naM-!1 conclud~ i:h.a::t "i:h.e 
ci.A.curn/en.ence of a ci.A.cle exceedA i:An.ee ii.m~ J..i:4 di..amei:.en. D!f a fXUi-1. 
wh.,LcA .W l..~.<J i:Aan I 17 6ui. rrvn.e i:Aan 10/7 I of- i:Ae di..amei:.en.. 117 
Hen.o of- Al.ex~ .f]Q-Ve th.e v~ i:An.ee, 6ui.dte q;w:ted :th.e n.e.<Jul.i:. 
22/7: po.<J.<Ji..Dl..g i:h.e fon.men. ru.un!Jen. UKv.J i.n.i:.end.ed onl.!f {on. n.oLUJA appn.oxi...-
mai:.i..on. 8 
613a11., W. W. f?oU.<Je, A Sh.on.i Account of i:Ae H.W:full.!f of !fhi:h.emai:J..C.<J, 
"'ew 'lon.k.: Th.e tna.cmi.llan ComfXiJlfh ./924, 522 pp. 
7 [aje;U, F l.on.i..a.n., A h'.W:fun.!f of ~hfAe.mai:J_e.<J, New IJon.k.: Th.e 
f'tlacmi.1l.an Comppn!f, 1..91.9, 514 pp. 
8BaJ.J., op. cU. (5)~ 
lJiol.em!f (c. I 50) .deeJM io h.ave Men i:Ae AttdWnedean. l1.mi..:I:A and io h.ave 
expttv.J.ded i:Aem 0 .dexat;v.J~ ob~ .dub.d~!f 3 1/7 = 3°8 134.2811 
and ;' 10/7 I = 3°8'27JJ4". fie illen i.mp!Wved upon ih.e mean, between i:Av.;e 
. /) 
ttv.Jui.:l:4 by ~ 3 8 13011 M ih.e app!Wx.i..nr:d.e value o/ 7r', al.ifwugh a 
.d:I:J..ll cl.o.dett app!Wx.i.ma:tl.on .W 3°8 1~, 7335511• Si.n.ce 3°8 1]011 = 3. L4!.6, 
h.J.4 ttv.Juli ILKLd Veltff .da:l.J...d/ad:ottff• 9 1h.J.4 ttepttv.Jefd:4 an. elt!Wit o/ IW~ff 
25 ~ pett rnLili..o~ ew-U-val.erd io abowt :hw-i/li.Ad.4 o/ a miJ.l i.n.. i:.h.e 
cJ.A.cmn/ettence o/ i:Ae eattiA, and il p!WmpiA ih.e qflv.JiJ..on o/ wh.ff h.a.d ill 
ul.hta-tte{i.nemerd been . .do '§-eal.oU.dlff pu-Mued i!vwugh. i:Ae atj-v.J i:h.a:t f!oll.owed? 
An ade~e aMWell. could rwi be a;l;tempied h.ette; il .W ioq complex; bwt 
il nrL!f be noted i:h.a:t i:Ae qp.v.;:fi.m .V., bound up wU:h. ih.e 4dwi.Mi:l..c i.n.iett-
IL~ o/ ih.e OCJAh. A9-v.;, w.L:th. :l:h.e weafl.nv.J.dfiA o/ col11lTILlfli__caii:.ona, wU:h. ih.e 
beLief i:h.a:t 7f ILKLd a .dotti o/ ;:}UM4oph.ett 14 4ione o/ nnih.emaii..C41 and even 
w.L:th. ih.e 4piAil- :1:/w.;t 4er7J:iA men :to ih.e :l:o.i.l o/ lnouni {yettv.;i. Tl~e i.n.iett-
lt~ meant a v~ cv.;.daiJ..on o/7T wtd?. i.n.. i:.h.e -:]JJ.ui {-ott IWUfJh-l.!f one 
ih.oU.dand !feaMi and ih.e cormuuu.catJ..on weafl.nv.J.de/.J li.nh.ed up w.U:h. i:.h.e f-o~t­
micLabl.e ~wile dL//ettence between cul.:f:.uA_v.; ih.ai ob.dCUited f;wm evettff ... 
one, uni:1..l. compa;uzii..vel.ff ~tecenil.Jf, ih.e pL-.Wilc con:I:IUJJuiJ..oM of i:.h.e Fall. 
{,Mi. Addi.:I:.Lonal.l.JJ, ih.e al.l. :too corrm:>n A-<li.cdi.c i.n..cli.n.atJ..on io /U.de -<lci..ence 
and floly {J)tU.t, and ih.e iw.W:ti..ng. of expttv.J.di..on io meet i:.h.e rierK~.rlfiA of 
VeM.i./J-cwtWn--v.;peci..all!f .i.n_ 1 ndi.a--combi.n..ed io fub-b- ih.e pi.c:l:wl.e. Today 
h.oweven., ih.ette .W bt~ff lU:.ew;l;wz.e on i:Ae :l:opi.c f;wm uAi..cA .devettal. wi.l1 
be menti.oned. Fott example, LnA.D. 479, Tau Tung. [!U.A put f-ollllXUl1i ih.e 
/IULciJ..on 355/ I I 3, uiU.cA i...d co~t~teci :l:o 4ix deci.mal. pl.acv.; ( wh.i.cA ILKLd 
9siti.:f:A, D. [,., /ti.:MiorL!f of /'tKdh.enri;tLC/.11 New lJonh.: Dovett 7Jubl.Lca;li_oM1 
1953, 7 35 pp. 
5 
expotded i:o Jarxm, and llKl/.1 :l:o :f.wtn up i..n. .aix:teen:I:A ceJZ:b..vz.ff cww pe i..n. ih.e 
w~ of Oih.o and !11ei:.ui.4). A lutnM.ed ffeall4 la:te!L A~t.ya Bhata ih.e 
cide!L I /.J lWM wi..:I:A pol.ffJOM l.ed i:o ih.e ll.eci..pe "add. If i:o !00, rnul;ti_pl.ff by 
8, add. 6?, 000, and th.e ~t.e.aul.t 1.4 th.e {-Utaunfe!Lence of a ci...ll.cl.e of di.amei:.e!L 
20, 000, II u}U_ch_ i..mplLe.a '7( = 3. !416. 10 BMNrrJfj)lp:/:.a (§.628) Cllill..ci..~ed 
A~t.ya Blud:.a ~ll. .i:aJwu; th.e ci...ll.aunfe!Lence M·.~339 3 ~ll. both. di..ame:te~v.J Lo80 
and. I 050, uiU.cA tWuid rna.k.e 71 ei.i:h.e!L 3 17 I /20 Oil. 3 81 I 350, :l:ha:t 1.4 3. !If 16 
Oil. 3.23/lf. A ce!d:ai..n Mhwnome!L, J>ulL.aa, i:o uiwm B~upi:a ll.eleMed 
g-ave 3 17711250, wch. 1.4 3.!8¥r, and Bh.aAkaA.a ( c./150) u.aed 392711250 
~ll. ih.e 11neall. 11 val.ue and. 2217 i..n. fi-nd~ th.e 119-M/.J/.J ci...ll.aunfe!Lence adapted 
i:o pll.ac:li.ce, 11 th.e ~MI.e!L bei.ruJ ih.e .aame M ih.e val.ue 3 177/1250 of 7>ulL.aa. 
Th.e (h.i.ne.ae ~und va.lll.ou.a val.ue.a of 7T 1 but. ih.e me:fJwr:!A empl.offed 
Off th.e eall.i.ff caJ..cui.a:toM all.e unh.nown. Th.e val.ue 3 llKl/.1 u.aed pMoabl.ff M 
eall.i.!f M th.e :!:welf.i:h- ceniull.ff B.(. and. 1.4 gi-ven i..n. ih.e (h.o.u-pef_ and th.e 
Ni..n.e Sec:li.orw. (A 1 ar1fl flofi{J u.aed l.O, and WQfi{J Fan. u.aed llf2llf5, w!U.ch. 1.4 
e.cp.U..val.en:t :l:o 3, 1555... Lui !lui. ~ve ih.e _{Uv.J:t .i.ni:J.Jna;tion of ih.e me:fJwcL 
u.aed by th.e (h.i.ne.ae i.n fJ-nrl-UuJ ih.e val.ue. fie began wi.ih. a ll.~ 
i..rutJ.CAJ.lJed h.exac;on, d..oubl.e.a ih.e IWJTiiJell. of .ai.de.a ~t.epeai.edl.!/1 and 4<1/.Je.ll.i/.J 
:l:ha:t 11i.f pMceedLru;J. unii.l.. th.e pll.Oce.a.a of d..ou6~ can no l.onge!L con.:li.n.ue, 
iAe pe!Li..me:te!L ul.i:i.ma:.tel.y come-a :l:o coi..n.ci.de w.i..i:A ih.e ci...ll.cl.e. 11 
The JarxmeAe dJ.d no noieJ.Wil.ih.ff tWnR i..n. .th.e /-Leid unii.l.. :I:Ae .aeven-
i een;/:h_ ceJZ:b..vz.ff· Th.e:;- :I:Aen. cievel.oped a kind of ru:dJ..ve calcul.u.a and. al..ao 
made U/.Je of cwwpean.. me::t./wd..a u}U_ch_ ~Ve ih_em /.aJA appll.Oxi.Jra:tWM :/:o i:h_e 
• --' -~..I. .... . L! /l.~ef.L IC..C,UU..U J 
DU!ll.nfj th.e ~l.l.ow~ ffeall4 an appll.Oxi.ma;te val.ue o/11 llKl/.1 ooi:ai..n.ed 
/Of:, :ri, Pmrm. -: ..J. ::!'~-·-..., op • . c..:AA-. 
II SrnL:fl-t, o P• cLt. 
~ I 
ex:pe!U.meniaJl.!f b!f i:Ae i:Aeoll.!f of p!Wbabi.li.:t!f. Lt UKM ~ :i:.Aw perU..od. 
iha:t (omie d.e Buff-on d.ev.Wed hiA /amJU/.1 needle p;wblem b!f uALcA h.e 
d.ete./lll1lned 71 • Suppo4e a r1J.JJ'I?iJeA of (Xl~U1llel. line11 dWiance (a) a(Xlll-i, 
all.e ll.Ld.ed on a h.orU.plni:al plane, ami. 4uppo4e a h.onv~e'leoU/.1 uni..follln Md. 
o/1~ 1 !a 1.4 d.ll.opped rd. 1l.r1J?Jiom ordo i:Ae plane, Buff-on 4h.owed iha:t 
i:Ae p;wbabi.li.:t!f ih.ai i:Ae Md. wi.Jl. f-al1 aCIW44 one of :I:Ae lin.e1 in :I:Ae . 
plane .W gi-ven b!f p=21/ ::a. 8!1 aci:.u.aJl!f peAfo!UnUuj :I:AiA expen.imeni. a 
gi-ven ~e ru.unbeA of i:i.meY.J rmd no:tJ.m; :I:Ae numl:reA of 4UCCeY.J4ful CMeY.J, 
ifu.v.J ob~ an e.rnpiAJ.-cal value {.oiL p, :I:Ae above f.oll.rnJ.Jl.a ma!f be U/.Jed 
6 
i:o cmnpui:.e 7{ • lh.e beY.Ji:. ll.eY.Juli:. obi:aJ..ned .Ln :I:Ai.4 llXl.!f I1Xl.4 gi-ven ~!I :I:Ae 
I~ Lag-g.~ i..n /901. FMm onl!f ]4o8 i:o44eY.J of :I:Ae Md. h.e found 
71 CJJMeci:. i:o 6 d.eci.mal placeY.J. f/1.4 ll.eY.Jult 1.4 40 mucA beti:.eA i:h.an iJw4e 
obi:aJ..ned b!f o:I:AeA expen.imeni:.eM :I:Acd. i..i:. 1.4 40meii.meY.J IL~ed wi..;t;h_ 
4U/.JpLci.on. 12 
O:I:AeA 4i.mi..l.cut. mellwdA of app!W~ i:Ae value of11 weAe 
developed. FoiL i..nAiance, il 1.4 known ih.ai i..f :b.w ru.unbeM aiLe wrU...hl:.en 
down rd. 1l.r1J?Jiom, :I:Ae p!Wbabi.li.:t!f ih.ai i:Aeff wi.Jl. be p!Li..me i:o eacA o:I:AeA 1.4 
6/ 7( 2, 7~, in one CMe uh.eAe eacA of 50 4i:J..tde.n.h.J W!Wi:.e down /J-ve prWzA 
of rw.rnbeM rd. fl.CIJ1fiom, 154 o/ i:Ae prWz.4 WeAe found i:o wM.Wi:. of ,uun!JeM 
p!Wne i:o eacA oi:AeA, T!UA ;rt-ve1 6/rr2 = 154/250, (;wm whJ...cA 1Y .:!fr J, 12. /..J 
i' ifli:(}v~ mucA e.rvzl.y. 4pecui.at:l..on rmd meMUILemeni:. 1.4 i:Ae belLe/ ih.ai 
i( 1.4 a ll.Cdi..onal q;mn:l:il.f/1 ih.ai il can be exadJ..!f ll.endeAed M a v~ 
{.;taci:i..on, Th.e yll.eek1 weAe full!!- OJJXJ/l.e of i:Ae w ncepi:. of i..ILil.Cdi..onal 
q;m.rdWe:1, i:.eY.Ji:. ifyi:h.at;o!La 14 cel.e61l.cd.ed pMo/ of i:Ae i./vudi..onali..i:.y of 12, 
IJollh.:. 
12tveY.J,_ floi.1Jallf:i1 An lni:.Md.uci:l..on i:o i:Ae fi.Wi:o!Ly. o/ !YkdAe.ma:ti.CY.J, 
lloli, Y(i.n_eluud., and W.uw10n, 
13 . () &U, o p. ci.i:., 5 . 
.VelJ) 
6u:i:. U /1)(J/.J rwi unti.1 1762 :fAa:t 1r /1)(J/.J pu;t i.rdo ~ ca;let;;oll.ff Off LambeA.i 
(and ~-:1:/vz,ee ffea.M l.ateJZ. Let;;e.ndrz.e made :l:Ae .l.mptj;ujard exie.Mi.on to 
7 
7( 2 ), and even :tlw.ae uiw feLt in :l:Aei.A. bone-a i:Aat. a .ai..mple /fi.adi..on /1)(J/.J 
uMea1i..~a61e could noi be blamed ~ll. pu£l:1n.g, :l:AeiA. tWneff on .aome not. too 
c.urnDIWM exptz-&.J.ai.on i:Aat. would be T( • Sudt M 1 foil. in-diance, l<och.anAkff 1-a 
l4 "' (3 - 11TJ2!fLe1diJu;, }. 14153, and 5pedtt. 1-a I 1/(J +Y/46 x 13150 uiudt 
i.A coll.ll.eci i:o ,/.oU!l.i.een de~. 
An i..mpotdard hl.aMLti.on in pL-val.uati..on took place dwzl.ntj :l:Ae 
'Re.naiA.aance, nam~f/1 i:Ae ll.epl.acemeni of pol!~Jlinni.ng. Off :l:Ae 4~ up of 
in{.i..nile .ae!U..&.J iAat. ·could 6e. ca1rul.a:ted to wha:teveJZ. det;}ll.ee of accull.aCff 
a md.n call.ed to ~ve h..w i.i..me. rp!W6a61ff i:Ae ~t. ~ll.friLI.i.atLon /1)(J/.J :11 rr :: 
12/.;L. + 1212 ' 12 + r2J 2... NeveJZ.ih.el&.J.a1 polff~m devoie&.J ih.Mve /oil. ,W,?f} 
enough apt~. Ludolph van C eul.en, ~ll. example, 6et;;an a6ou:i:. :l:Ae :ti.mR. 
of V ieia 14 cLi.Acovell.ff to laff a.ai..de all. oi:AeJZ. ac:tLvi..:f1_M to rmRe pli/eMM 
pol!~Jlinni.ng. a full-:ti.mR. occufXdl.on. Bff i:Ae iull.n of :l:Ae cerd:ull.ff h.e had 
Mia6wh.ed 20 deciJnal plac&.J. Ulh.en h.e dLed in /610 :l:Ae ruuniJeJZ. /1)(J/.J i:h.JJd:.ff-
/1-ve plac&.J, whl..dt value of7T /1)(J/.J in4Cil.ibed on h.La tom6-a!vne at. Leffden. 
In /6]0 ylll..en6ellffeJZ. pu61L4h.ed :l:Ae :l:!-Wdff-n.Lne plac&.J o/7f h.e h.ad .aweaied 
oui M~ a .ai..mpleJZ. pll.Oc€4~ i:Aan van Ceul.en'.a. fli.A UXUJ :I:Ae la4i ef~ll.i. of 
noie. Th.e .aevenieeni:A cenitx~Jy. wilnM4ed :I:Ae deveJppne.rd. of conve/l.i}eni 
infi.nl.;te .aelli..&.J and {;w.di..oM, Yll.et;}Oil.ff and Lei..6nL~ evolved i:A,e 4e!U..&.J 
.· :rr:l4.:• I I(2+Y) I (2+52) I (2+72)/.,. :fAa:t /1)(J/.J l.ai.ell. to become i:Ae 6a.a.&J 
'of nvdell.n ll.apl.dlff convellfj).m) .ae!U..&.J, /4 
7h.e .~i anal..!Jilcal.. expll.M.ai.on cLi.Acovell.ed in :I:Ae .aevenieen:I:A 
ceniull.!f i.A i:Ae i.n./i.aUe pll.Oduci 7r/2 = 211 • 213 ' 4!3 · 415 ' 615.,, 
/4r.,.;r/,., . :.L ':f'~em:tn, 0 P· C£A., 
lik.· 
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ulU.cA I1KJ4 publMhed. by. :JoAn 1)/a)JM i..n 1655. 
Lott.d. B;wunch.ett, i:he ~:1:. p;tedi.derd:. o/ i:he ~oy.a).Soci..e:l:.!f, abou:l:. 
16 58 {t;und i:he J..nfi-rU:te con:l:i.ruled. {.M.ci:i.on 7{ I 4 = 1/1 + • 12 I 2+ • j I 2+ •.• 
ulU.cA l.lKM 4Mwn 4u64et:;!Len:lly. 6y. fpl.eJt :to be ~valerd:. :to i:he al:t~ 
4eA.i.ed 11' 14 = I - I I 3 + I I 5 - I 17 + I 19+_.. . known :to y. W. Le.i./;ru:~ i..n 
1674. 
Th.e gfi-ea:l:. mt:Ji.otU..:I:.?J o/ co.i.cul.aii..oM o/ 7r· :to rran.y. d.ecimJl. placed 
h..ave been ba<Jed. upon i:he poWeJt 4ell.i..ed Mt::l:an. x = x - x]IJ + x515 - ••. , 
- /.. § x ~I, ulU.cA I1KJ4 cl.iAcoveJted. i..n 1671 by ;}amed y~t~ll.!f· lie· (.ai:led, 
h.owevett, :to noie ex.pli..ci..:tel.y. the 4peci..al. cade COil.ll.edpondLng :to x :::: 1, 
uiU.cA iA CUJCA1.bed. :to Le.i./;nL~. 
SiA 14aac :Vewi.on i..n 1676 fucoveJted i:he powe~t 4eA.i.ed 
MC4i..n x = x + 1/2 ; x]IJ + I 12 • Jl4 • x515+ ••• - I ~ x ~ 1, ulU.cA lwA 
been U4ed by. a few compu:l:.eM o/ 7r • 
In 1755 Leonlu:vzd {pl.eJt ob:l.a1.n.ed i:he f.ollowi..nt;; 4e;t,i.ed: 
a/l.c:l:an. x::;; xll+x2 (1+213 (x211+x2) + 2.413.5 (x2/1+x2Y+ . . J. 
It. l.lKM b'J rneari/.J o/ y~t~ll.!f 14 4ell.i..M, ~ x=ll ], i:ha:l:. A6n.akun 
Sh..all.p, a:l:. the 4l11jfJed:ti.on o/ i:he f_,ng).1.4h. CUJi:Jwn.ameJt fj:f.mund llaJ.le!h corn:-
pu:l:.ed. 7t i.o 72 decimJl. plaCed i..n 1699, the~teby. nf?£llli.y. d.oubli..ng. i:he gA-ea:l:.ed:l:. 
accull.aC?f a;/;;tai.n_ed_ by. e.a.Jdi..eJt compu:l:.eM, uiw h.ad U4ed. g-eome:fJU_co.l. me;l:/wd,a. 
' 
5h.cut.p 14 co.l.cul.aii..on I1Xl/.J ex:l:.ended by. Fau:te:l:. de lag-ny i..n 1719 i.o 127 d.eci.rru::IM . 
(the II Jth place lwA a unL:I:. e/t/Wil.). 
:Vewi.on 4e:l:. x=l 12 i..n hiA 4ell.i..M, and. i:h&eby compu:l:.ed 1T :to 14 place-1. 
A ;}apanMe compu::l:.eJt, !'rr:d:Au.nat)a ~f!OIU:i:Au, U4ed the 4ame p;tocedwte :to 
e';!aJv.a:/:.e 7( coll.ll.ec:l:. :to 49 decimJl. placed i..n 1739. Abou:l:. 1800 a (!Unede, 
(Au llunf}, co.l.ada.ied 1r i.o !J.O place-1 ( 25 coll.ll.ec:l:.) by t.IU.4 4eAl..eA. 
M?..<:~:l:. compu:l:.eJt 'I 4 o/ ;r i..n rrrxie.Jtn :Wne-1 have U4ed YllR.f}Oil.U 14 4e/l.i.e4 
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.i.Jt .wnj.un.c;/:.Wn wLth. cell.iai..n a/l.c;(;an. A.el.ai:i.oM. Onlv ni.n.e o{ i:lteAe A.el.ai:i.oM 
fw.ve Oeen emploffeJ. :bJ arl.!f exi.~ .i.Jt /.JucA cornpu.i:aii..oM. fJ/e dwJ.1 fWW con-
/.Ji.deA. i:lteae {.olliTILil.oA, a/lll.(J)Uj-ed. accoAd.i..rv; :lv i:lte .i.JtCA.eAJAi..fw ptteci.4i.on o{ 
ih.e app;wx..i.naiJ..on compded. Off i:liei.A UAe, 
1. 71' I 4 ::; 5 aA.dan. I 17 + 2 a/l.dan. 3179 
{pl..e~t .i.Jt 1755 UAed. i:ALo ILel.ai:i.on .i.Jt conjun.c;/:.Wn wLth. IU.4 /.Jen.i..eA /oiL 
a/l.cian x: :lv CJ)mpui:.e 71 CJ)M.e.ci:. io lO d.eci.no.l.. pln.cea i .. n. one twUA.. 13cvwn 
yeo!U) von Ve.g,a i..n. 1794 empioved. YILeiJOA.!f 1/.J /.JeA.i..e/.J and. i:lte pa.ec~ ILe-
l.ai:J.on :lv eva.l.uate 71 :lv 140 declmJ.l.. pl.acea, o/ wh.i.ch. iAe ~t I J6 weA.e 
coM.eci:.. TILW pa.eciA.i.on UXi/.1 exceeded O!f iAat a;:l.i:.a)..ned O!f an u.nkwwn 
cal..cula:l:oll. tdw/.Je nrl.nu.dC!U..p:t, con:l:aJ..nl..ng. an appa.ox:i.nrdi..on CJ)IL!l.ed :lv I 52 
pl.acea, UXi/.1 /.Jeen in iAe 7?ad.dL//e Li.bll.all.!f at Ox:f.olld iviJJCI.J7Ii. iAe cl..o-1e o/ iAe 
18iA ceniJ..vtff• 
II. ?( 14 = all.d.an. I 15 - all.dan I 170 + all.dan I 199 
{pleA. pu.olv.Jh.ed :l:hiA ll.el..aii.on i..n 1764. It llXJ/.j U4ed off Wi.llJ.mn 
7?td.h.e~tf.oJt.d in 1841 :lv compute 7r :lv 208 pl.acea (!52 co!Lil.ed). 
III. 7f 14 = all.dan I I 2 + all.d.an I I 5 + all.6f:an I 18 
ThlA f.oll.JTILli.a UXi/.1 -1uppli..ed iAe cal..~ p~ff Za~ Oalule 
Off L. K. Sclwl~ von 5i.A.cv.MnLl"#ff o/ V.i.enna. W.i.:I:JW?. a pe/l,i.od o/ 2 nvnih./.J 
i..n !844, Oalule ih.e~i,.eOff evcWdd.ed r coM.ed :lv 200 pl.acea. 
IV. 1f 14 = all.d.an I 12 + all.d.an I IJ 
F i./v.Jt pu.olv.Jh.ed Off [h.cvJ.e1 Htdi:on in 1776, :tkiA ll.el..aii.on UXi/.1 U/.Jed 
bv :v. Leh.nnnn o/ 'Po:f./.Jdmn :lv compute 71 :lv 26! de~ in 1853. T-1enr;. 
[IU.-h.u'W in !877 U/.Jed iAe -1ame {.oll.fni.J.i.a :lv eval.uate ?r :lxJ !00 de~ in 
a lJ.:tile !WILe iAan a nvniA. 
V. 11/4 = 2 all.d.an I /4 + all.d.an. I /7 
: 
Th.e Jt.el.a:ti.on /JJCI/.1 alAo pubwh.ed b!f llui::!:on i.n 1776f and i.ndepen-
d.erd:i.!f D!f {pleA i.n 1779. v~ Med u i..n. 1789 to compwle 143 d.eci.rnaM 
( 126 COM.ed). In on.d.& to ll.em?Ve i:h..e un.c~ ca.uAed O!f i:h..e elM-
10 
. depani app;wxJ..rrrdi.on of 7<u::I:Aell.{oJUi and Oalwe, Th.ormA Claw.Jen exiended 
i:h..e cal.cuJ.aiJ..on to 248 coM.ed d.eci.mrJ)A i.n 18'f7, and Leh.ma.n ll.eacAed. 261 
d.eci.rrrlM i.n 1853 D!f i:lU.4 f.olllr1Llla, con~ h.1A i.ndepend calcuJ.aiJ..on of 
T( to :I:Ae -dame ex1-.erd D!f ll.el.a:ti.on IV. cd.ga;t tll.iAD!f i.n WMIU..ngi:on, o.c., 
Med ll.el.a:ti.on V i.n conpt.n.cti.on wi..:l:A {pleA 14 4e/U_e4 to compui.e ..,..,. to 30 
pl.a.ce.a i.n 1872. l5 
In 1882 Li..nde.man.n, p;wved ;r to 6e :I:Jta.M cenden:tal., i:.huA de.ahwyi-n9 
{.oll.ev& :I:Ae l.cv.Ji. 4l1.m lwpe of ih.o4e wlw twuld 4q;t.a~Le :I:Ae cill.cl.e. A 
numb& uiu.cA iA rwl. a4ebll.Cll..c iA i.ll.aMcend.ai., :I:Aai. iA one ulU..cA 4a:I:1A/.J.-&i 
rw a4ebll.ai..c ~n w.u.h. complex nwnbeA. coef{.-LcLe.rvtd, ulu..cA iA ex.ad:l!f 
wh.ai. rm:/:Ae.nn;CLci.a.M {oil. cen;/;u;z.Le.a h.ad been p;wvi.mj aboui pi... 16 
In 1897, a1. uiu.cA .ti.me :I:Ae peopl.e fo :I:Ae Un1..t.ed Sia:l:.e.a w&e. ai.ll.eadlf 
WpJ.a~ i:.ftefA a!Ji.lJ..ii..e.a i.Jl :l:.fte VaJl.i..oM 4dence.a1 a bill. /l)(J/.) i.Jlhwriuced 
i.n :I:Ae l.~l.ai:wt.e of :I:Ae 4t.ai:.e of. I ndi..ana to 4el. :I:Ae value of7i ~ to 
a 41Jnpl.e, €0/.J.i--':!f fTWJIJ{fed, {;z.ac.:tWn. Th.e 6i..LL /l)(J/.) rwl. wll.1...i::ten D!f a madman., 
Oil. a iJJJud:J...c, Oil. an Olll)ani.~a.:ti.on of. {oll.e4Jn. 4pi..e.a. Th.e bi..LL /l)(J/.) l.IJIU.;t;ten 
D!f a cou.n.:f:n:!f medi-cal. d.odoll., u1w f.anded IWMei.f 4omedta.i. of a mcd:Aenr.t.ii..da'l. 
So :I:Ae bW. /JJCI/.1 wnJ.i:l.en, 41Uj!J€4i:i.mj 4evell.ai. di.ffell.erd 4i.mpl.e ( bui 
i.nco!Vl.ed) ll.el.a.:ti.oMh.Lp4 6e:boeen :I:Ae all.ea of a cill.cl.e, i:h..e cill.cum.f&e'lce 
L5w/Lench, . :J. UJ. 1 "Th.e {yol.u;tWn of {,x.i.ended Oeci.Jml App;wx.im:di.oM 
to <f.L, 11 5 cAool. 5 cLence and !Yr:dh., 60 ( !fwJ., 1960 ), }48-350. 
1.6Bel.l.., /'Yb;th.e.nn;6Le4 Queen and 5&van:f. o{Sci..ence, New IJon.k: 
lnc-~MJv-fiLU Book (ornpan!f, 1951. 
//_ 
o/. i:h.at ci.A.cl.e, ih.e dJ..at;onal. of a 4qp.a!L€., e;l;.c. 17 





A bi.Jl fto?- an. ad i..n:hw<illci.ntj a new rrrdAema:l:Lcal i:A.ui:A and 
o//e~ted M a cord!U/:;ui:i.on :!:o educo.ii.on io be u.-1ed onl.ff Off ih.e 
-1iai.e oflndi.ana /.ttee o/. a:ud:. D!f pa!Ji-m; anff M~ea uh.a:teve~t 
on ih.e ..1ame, pwvlded il iA accepted and adopted ft!f i:h.e off-i-ci..al. 
acilon o/. ih.e l.e_g).4lai:wz.e o/ i!897. 
Sec:ti.on (: Be il enacted Off ih.e yene;zal. A-1..1embl.ff of ih.e S:t.a;te 
of lndi.an.a, i:h.ai il 1-z.M been ~und i:h.a:t a ci.A.cul.att attea iA io ih.e 
..1~e on a l.i.ne eptal. io ih.e q;..t.adAant o/. ih.e ci.A.cwn/e~tence M i:h.e 
attea of an. e.q;..t.i-l.a:te~tal. :&J...a.ni;;).e iA i:J) ih.e 4q;..t.atte on one ..1i.de. 
Th.e di.ameie~t empl.offed M ih.e li.neatt un1:t accorull..ru; io ih.e p~teaeni:. 
twl.e i.n cornpul:l.nt; i:h.e ci.A.cl.e! A attea iA e.ntlAel.ff WIWrlf}l M il 
~tepn.eaeni:A ih.e ci.A.cl.eYJ attea one and one-/J-f.:t/w £i..mea ih.e attea of 
a 4q;..t.atte wh.o-1e pell.i.meie~t .U; et'flal. ib ih.e ci.A.cumfe~tence o/. ih.e 
ci!t..cl.e. ThlA 1.4 OecaU4e one-fi-/:l:h.. of ih.e d1.am.e:te~t {.a1.M io be 
tteptteaenied {.oUil. i:J.mea i.n ih.e ciAcJ.e I 4 ciAcwnfe~tence. fOil. exampJ.e, 
i../. we rr~~.di:i..pl.!f ih.e pell.i.meie~t of a 4q;..t.atte Off one-f.owz.:th. of' aiVJ l.i.ne 
one-/J-p:h. [Jil-eaiell. i:h.an one -1i.de, we can i.n li.h.e f7r1.(111.elt rrn.h.e ih.e 
..1q;m;z.e 1 ..1 attea io appeatt one--f.lp:h. [jfteaielt i:h.an ih.e. /.ad, M 14 done 
bff ~ ih.e dl.ameie~t /ott :the l.i.neatt uni.i i..Mtead -ot ih.e ~ 
o /. :l:h..e ci.A.cl.e 1 .1.1 ci.A.cwn/.e~tence. 
5eci1.on P: It 1.4 i.mpo44i.6l.e io compute ih.e attea of a ci.A.cl.e. on 
ih.e di.ameie~t aa ih.e l.i.netJA u.nJ.;t wi..i:h.oui ill.e4pa44i.nJ; upon i:h.e attea 
owbJi.de of ih.e ci.A.cl.e io ih.e extent. o/. i.nclvdLru;; one-f.i..f.ih. motte 
attea ih.an 1.4 cordaJ..ned w.L:t!U..n ih.e ci.A.cl.e 1 ..1 ciAcwn/e~tence, 6ecau.-1e 
:I:Ae 4q;..t.atte on :fh.e di.ameie~t pMd.ucea :I:Ae ..1i.de of a 4~e uiu_ch. e.q,ual4 
nJ..ne wh.en :th.e attc of nJ..ne:lff det,)ltee/.1 e.q,ual4 ei.tj.A:t. B!f ~ ih.e 
q;md.rw.n;t of i:Ae ciA.cl.e 1 ..1 ci.A.cum{e~tence /.ott :I:Ae l.i.neatt u..ni.i, we ful-
p.ll ih..e ltet'~emerd of oo:I:A ~e and ll.ec;li.f.i..crdi.on of ih.e 
dltci.e 1 ..1 c;iA:6..un/.e~tence. F l.lll.i:AeA!lVtte il 1-z.M ttevealed :IJ~.e rw;l:i..o of 
i:Ae ch.ottd and attc o/. ni.ne:l!f d.et,)lteeA, whl.ch. 1.4 M 4even io ·ei.t;;)d and 
!.? ytteenbl.ai::t, t11. II., "7> 1..-:I:.Mee V eMU4 7>1..-f.oM, 11 t'rhi:A 7 each.e~t, 
62 (!tb.ttch., L969), 22]-225. 
------
12 
al.4o :I:Ae llai1.o of :I:Ae. di.ag.onal. and one /.Ji..d.e of a /.Jo/-latte uAi.cA 1.4 a/.J 
:len :to /.Jeven, d.i.-<icl.tMi..ng- :I:Ae /JJll.ll:fh. i.mpold:.an;t fact, :I:Aa:t :I:Ae ltcd:i.o 
of i:Ae. diame.:te~t and ciAcu.mfe~te.n.ce. 1.4 ·a4 foWl.-/1-{.i:Jw :to foWl.; and 
beca.UAe of i:Ae4e fac:hJ and :I:Ae fatdfte~t faci:. i:h.a:l:. i:Ae a.ule i.n 
p~te.4erd.. UAe /aJM :to /JKJM boi:A 11-U~ rnath.emai.i..ca.11u, i..i. /.Jtwuld be. 
d.i.-<ieatteded a/.J uiwll.y. 11-Unti..flf) and miAl.e.adi.nrJ i.n w p~tac:ii..ca.l. app-
, .. __ ..~.,. __ .1.8 
..(,{..ULAA..JJn. • • 
lloUAe Bi.Jl.. No. 2lt6 fX144ed i:Ae lloUAe, bui:. be.ca.UAe of new4pape~t lli.dJ...cul.e., 
/JJCI/.j 4h.el.ved by. :I:Ae 5ena:te. 
VI. 1'( 14 = 3 attc:l:a.n 114 + attdan 1120 + Mc:l:a.n 111985 
ThM /JJ~ 11-U/.J pu.blJ.Ah.ed by. 5. L. Laruuy. i.n 1893, by CaM. 5:/:orune~t 
i..n. L899, l:md. 1/Ja/.J {L<erlJ.4cove~ted by. Y<. W. !Yv!Vl1.4 i.n 1944. Bff me.afiA of :I:Ai.4 
/oll.ff11ll.a D. F. F ~on, :I:Aen of :I:Ae Y<oyal. :Vaval. Coll.ege, pe~t~runed a 
l.on.g)umd ca.l.cuirdi.on oftr :to 530 decLrral.. pl.ace./.J between. trhy. 2944 and !rhy 
1945. A:t i /wi:. i:i.me Ae wcove~ted a WCAifXUl-Cff between. h1A apptwxi.Jooil..on 
and :I:Ae /-Lna1. lte./.Jul.i:. of WLULam 5h..anki begi.nrWu; w.Lt:.A :I:Ae 528:1:A pl.ace. 
TAe ~:t rw:ti..ce. of an eltltOit i.n Slw.nh. 1/.J we11-krwwn appwx1..rrrd.l.on appeatted 
i.n a rw:l:.e pubiJ.AAed by. F ~on i.n /!hitch. 29lt6. lie corvti.nued Ai.4 ca.l.-
culat:i..on of -rr and i.n July 1946 pubWAed a co~t~tedLon :to 5/w.nh. 1 /.J value 
:th.lwur. l:Ae 620:/:A decUnal. pl.ace. 5ub/.J~erd.l.u, F ~on w.Jed a de./.JR 
ca.l.cul.a:!:o~t :!:.o ~teach. 710 deci..rra.IA by. JOJUIQ/l.y. 1947, and finalJ.u- 808 deci..rra.fA 
bu- Sep:lemhe~t 1947. 
vI I. It I 4 • 8 Mc:l:a.n I I I 0 - Mc:l:a.n 1/2 51 - 4 Mc:l:a.n I I 515 
S. l<li..ng,eJUJile.n.n.a d.i.-<icove~ted :I:Ai.4 ~te.l.a:lwn iJz. 17 JO; i..i. /JJCI/.j ~ted.i.A­
cove~ted rrrJite .tAan q. ceJdufl.lJ l.a:l:.e~t bv 5cAe.11.bacA. I:t /JJCI/.j UAed. by C. C. 
Camp i..n 1926 :to evalna:te -1( 14 :to 56 palce./.J. D. II. Lelune~t ~tecommended i..i. 
-~- -·---- -------
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i.n conpmcii.on wi.:I:A :l:h.e nexi:. follJTII.1.ia {.on. :l:h.e calcul.aii..on of ?-r :to man!f 
~eA. y. C· F el.ion on l'tKutcA 31, 1957 compl.ei:.ed a cal.cul.aii..on of 7r 
:to 10021 placeA on a lf~UA compuien. ai i:h.e F~ (ompui:.en. (en.:l.n.e i.n 
London. TIU.4 ll.eq;..Wl.ed 33 MUM of compui:.ell. :lime. TILe ll.eAul:i:. UXUJ pub-
fuh.ed :to 10000 place;.,. A cAeck. calcul.aii..on UA.i.ruj {.oll.fTII.Ji.a VIII ll.evealed 
iAa:t, Deca.ude of a rm.dU.ne e;vwn., :l:hJA n.e;.,ul:t UXUJ i.ncoll.ll.ed a{.:t.eA 7480 
decimal place;.,. 
\ 
y~~ i.nve;.,ii..gfded. :I:Ae dell.i.vcdi..on of all.ci:afL n.elcd:i.JJM and ll.educed. 
i.::t :to a p!Wol.em i.n Oi.oplw.n:i:.i..ne anal!j41A. Y?ei.a.;tU;n VIII iA one of ~even.al. 
{.ollJJ1I.Ji.M lte developed.. ;). lf. &Lk.anti.ne ~ub~iardi..ated Leh.men. 1 ~ cl.aun 
:l:h.ai :!:hiA {.oll.fTII.Ji.a iA e;.,peci.all!f ef/.ed:J..ve /on. exi:.ew.Ji..ve cal.cul.aii..on, Dff 
c!M~~.i.ruJ i..:&.J U/.Je i.n conjunci1.on wi..:l:h. cul.en. 1 ~ ~ell.i.eA {.oil. :l:h.e all.cian. 
vI I I. i( I 4 = 12 all.cian I I I 8 + 8 all.cian I I 57 ~ 5 all.ci:afL I I 2 39 
Felton ~ed. out a ~econd calcul.aii..on :to 10021 pl.aceA, and D!f 
!rhff I, 1958 had n.errvved. all ciMCil.efX117-ci...e4 {.;wm hi.4 ll.e4~1 ~o :l:h.ai :l:h.e 
app1Wx.l.n-ai1.on computed. /Jwm {.o~ VI I and V Ill 09fteen :to wi..:I:Ai.n ih.n.ee 
unil:.4 i.n :l:h.e 10021 ~i deci..rrr;)_ place. Th.e CO!l.ll.eded. ll.eAul:i:. ll.enai..ruJ un-
publi.Ah.ed. 
IX. 1'( I 4 ~ 4 all.ci:afL I I 5 - all.ci:afL I I 2 39 
ThiA iA :the rnMi:. cel.ebll.aied. of all i:h.e n.el..aii..oM of ~ kim;. 
;}oh.n !rhchl.n., 1.1:4 c!McovetZ.en., compuied. 11 coll.ll.ed :to 100 deci.nlaM D!f mea.nA 
of i.::t i.n conjunci1.on wi..:l:h. yll.~ll.ff 1 ~ ~ell.i.eA and :I:Ae n.e.1ul:l:. appeaJl.ed. i.n 
17rx5. [laUAe;t i..n 1847 UAed. :I:AiA· ll.el.a.;tWn in adriW..on :to flut:l:on 1~ {.oll.lllld.a 
V :to cpmpuie 7( coll.ll.ed :to 2't8 deci.ma1 pl.aceA1 eM IteM alll.ead!f been noted.. 
7?uihetZ.{.oruL ll.e;.,wil.ed. hi.A cal.cu.l.aii..on of "'1( i..n I 852, UA.i.ruj /lhc!U.n 1 ~ 
f!.o1"l.111Lli.a ~ :lime, eM di.ci hi.A follme/l. pupil.. WLLli.am Sh.anh4. Sh.ank 1 ~ ~i:. 
pubwh.ed appn.oxiJna.;!:,Lon io 1T con;l:.a).ned 530 d.eci.Jrol pl.acM, and I.IXIA .i.n.-
co~tpqll..Ct.ied i.n l?ui:Ae~t{Pilfi '..a rwie, pubwh.ed. i..n 1853, w!U.ch. ..aei:. f1rd:A hJA, 
app;wxi.ma::l:i..on io 441 d.eci..nr:tM. La:te~t :thai_ y.ea~t 5h.a.rzk4 pubwh.ed. !J.A book 
co~ an app!Wxi..ma:I:J..on io 5]0 placM. Lt. L1 now krwwn ::1:./ia;:t Sh.anh.'..a 
value wa4 i..ncoAAeci:l$1 calad.ated. befJOnd 517 pl.acM. Th.e acCil/W.Cf:f o/ ilud. 
value wa4 {wd:Ae~t vi..t:i..cd:.ed. b!f a bl.unde~t corrmi..i:ied 6!1 Sh.an/v.J in coM.ed:i..nJ; 
IliA co p!J plll.o~t io publLc.a:l:i..on, wi..iA iAe ~tMul.i. :thai -ai.rni.l.aA. ervw..a appea~ted 
i..n decimal. pl.acM '-160-462 and 513-515. lh.Me ell/WZd pe~t-<11.4:1:. i..n Sh.a.nk /J.;z4:t 
pape!t of 187 3 co~ iAe exieM.Wn .io 707 d.e~ of hiA ecudLe~t 
appll.Ox1.mai:l..on. IliA ..aecond , pape~t .of- iAa:t yea~t,. whl..ch. cordaJ.n.ed h1A ·f.i.nal 
app!Wxi..nrdJ..on i:o 1T ,. ~vM co/l.ll..eci:i.ot1A ~~ lAMe e/VWM,' h.oweve~t1 iAe~te. 
appeaM ali i.nadve!ti:.en:t iypo{jfiap/Ucal. elt!Wit i.n ::th.e ]26 place. o/ hM f!.i.naJ. 
value. ln ~tei:.!W..apecJ:, we now M!fkU"§-e ilud. ~(A ~:t value. pu6wh.ed in 
1853 11JCI/.j iAe nv..a:t acClJ/l.Cd;e Ae eve~t pubwh.ed. 
lh.e acCUIUlC!f of Sh.anfo. 14 app!Wxi..nrdi..on io a:t leM:t 500 d.ec.i.nrJM wa4 
conf!l;uned. 6$1 tlie independerLt cal.ad.a:ti.JJM of .7>JWfM..ao~t 7V .. ch.:te~t .of Cl.fii.rlff, 
y~t., uJw J..n 185}-1854 compui.ed 4UCCM4i..ve app!Wxi..na:lWM .:J:o ]JO, 400 and 
500 pl.acM. 'l?.i..ch.:te~t '..a corrt71UII)..ca;/:,U;M do no:!:. ~teveal. iAe f.oll.lrULa ih.ai:.. Ae 
u..aed~ 
!'rhclu.it 14 f-o~Urlt.l.i.a. /1}(}/.) u..aed b!J H. 5,. Uhl.e~t i..n an un.publi..Ah.ed compu-
:l:a;tirJn co~t~ted:. io 282 pl.acM, whl..c.A wa4 compl.e;ted. i.n llll9-u..a:t 1900. 
~· J. Du.a!d:.e i~mpuied. 7f coAAeci:. io 200 pl.ace1 b!f i:.h1.4 me:t!wd. i..n 
1902. lh.e ~teAul.i. 1lX14 pubwh.ed. ..aix !feaM ln.i:.e~t. 
ll..a a b!f-pwdud of_ hiA calad.a:ti.on of- iAe na.:/:LtAa1 k~ of 







In Decembe~t 1945, 'PM/ea-1oll. 7?. (. A~tdU.iJaid -1uwea:ted i:ha:t. tAe 
wnile~t unde!d:ah.e tAe compui:a:ti..on of 'f( by fth.cl-W?_ 1-1 f.ollRII.Jla in ollfie~t :l:.o 
p!Wvid.e an i.ndependerd ch.ed~ o/ tAe accwz.acy of F €1l.[fUAOn 1-1 co1.cula:ti.oM. 
'J./UA tAe coll.abo!UJ;:/:i.on o/ Levi.. 8. Srni..i:h., uJw evaJ.ua:ted a~td:an I /2.Jl :l:.o 
820 placea, tAe wlli..:te~t compu:ted 71 :l:.o 818 placea by F e6IW.all.!f 1947, LUJi.m;t 
a d.eak cal.ad.ai:.o~t. Th.e ~teaul:t 11K1A pubwh.ed :l:.o 808 pl.acea in AptU.l 1 
1947, and. UKM vell.i..fl-ed :l:.o 710 pl.acea by F e.IUjlMOn i..n a no:te pubwh.ed 
concwvz.en;tl!l• Th.e li.mi.:t o/ 808 placea UKM dw-1en :l:.o p!Wb.i.de p!teci..4i.on 
compa;tabl..e :l:.o i:ha:t. obi:aJ..ned by 'P. 'Ped.t.v.Jen in !U.A app!Wxi.m:d.i..on o/ 71. 
{ol..i.a:ti.on o/ ~ 808 ·place apprwx.i.ma;ti..on wi..i:lz. tAe ~teaul.:&.J obi:.cdn..ed 
b!l F €1L[fLUJOn l..a:te~t i:h.a:t !feall. ~teveal..ed -1eve.!tal. e~t~WneoLUJ f-i.g; . .tll.eA beyond tAe 
723 place in tAe UJ/l.i..:te~t 1-1 apprwx..i.nrJ;ti..on :1:.o a~td:an I /5. Th.eae ell.IWM 
vJ..:ti.a;ted tAe coll.ll.eapondJ.ru; !J.t;;wtea .Ln. tAe app!Wxi.m:d.i..on o/ ·rr . (oll.ll.ecti.oM 
of tAeae ell.IWM and. exi:.eMi.oM o/ F €1L[fLUJOn 1-1 ll.eA~ appea~ted in a j.oi..n:t 
fXJ-pe!t b!l F €1L[fLUJOn and tAe wnile~t i..n Janua/l.!f 1948, uALcA concluded wi..tA an 
808 place apprwx.im:dion o/ 1( o/ 9-ua/l.Cl}'l;(:.ed acCWUJ.C!f· 
Sub-1erpen;tly, Srni..i:h. and tAe UJil.i..:teJt ll.eaumed :th.eiA co1.cula:ti.oM and 
by June 1949 had obia.i.ned an app!WxJ.ma:tLon :l:.o abou:t U20 placea. Be/o~te 
fl.naJ- ch.ecAi.nrJ o/ ~ ex:teMi.on could be compl..e:ted, :the fiV II( a:t tAe 
~tic 7?eaea~tcA Laboll.a:l:.olll..ea, Abe;ul.een 'Prwvi.m;f yrwund, UJCUJ empl..o!fed bff 
yeollffe If). 7<tdLvi..eaneJt and !U.A a-1-1ocia:tea in Sep:l:.embe~t 1949 :l:.o evaJ.ua:te 
:l:.o abou:t 2037 pl.acea i..n a ioi:al of 70 MUM. IYhcA.i..n 1-1 f.ollJTILI.i.a UKM alAo 
LUJed i..n ~ cornpui.a.:ti..on. 
In Novembe~t 1954, Srni..i:h. and :the UJ/l.i..:te~t exi:.ended tAeiA cal..cula:ti.oM 
:l:.o I I 50 placea and. i..n Janua~t!f 1956 .ll.eveded io .:!:ALa wnh. once nv~te :l:.o 
a;/;;l:a)..n :th.eiA /1-n.al~teaul..i:., uiU.cA 11K1A :telt.l17i.Ju:d.ed a:t I 160 placea, o/ wh.i..cA 
tAe fw:t I 157 af)!Lee wi.::I:A (;'VII(. 
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A cal.ad.ai:J...on o/ 1f I1Xl/.l pe;z.f.olllTl.eCL i.n dupl.i_ccded. on t:h.e .VOl?[ (Vaval. 
Olllii..ance 7?e4eaJtch [al.cul.ai:on) i.n !Vovembe;z. 195ft and i..n Janua!l.ff 1955 CUJ a 
dem:;M:I:Judion plwbl.em, pUoll. :to t:h.e deli..ve!Lff o/ :l:lud compui:.ed to t:h.e 
!J •. 5. Naval f![Wt~-i.ng yll.Ount:iA. A9-ai.n, /fhc!U.n_ 14 f.oll117Lil.a I1Xl/.l 4ei.ected, ard 
t:h.e cal.ad.ai:J...on I1Xl/.l compl.eied i.o 3(Jf 3 pl.ace/.J i.n I 3 mi.mde4 ~II) :tUne. 
In Janua.ll.ff 1958, F IUJJlcoi..4 (ienuyA pll.O[JIU1Pitned and call.ll.i..ed otd t:h.e 
eva:l.u.a:l:1..on o/ -71 collA.ed to 10000 pl.ace/.J on an lBfrJ 70ft (,l.echz.onJ...c Data 
7>17.0 Ce44l..nrf S yAiem at. t:h.e 'Pa.niA Daie 'P!Wce44l..nrf C erde;z.. /fhch.i.n_ 14 f.o/llTlLll.a 
i.n conjunci:1.on wil:A Yll.ef)Oil.ff 14 4ell.i...e4 I1Xl/.l w.Jed. Onl.ff !tO -1econdd we;z.e 
ll.eq;Wl.ed to ai:1:aJ.n. t:h.e 7W deci..rrr:Jl place pn-eci./.Ji.on ll.each.ed Dff Slw.nlv.J and 
one MUll. and f.oll.iff mi.rude4 I1Xl/.l ll.eq;Wl.ed to ll.each t:h.e I 0000 pl.ace/.J o/ i:Ae 
f,i.nal. ll.e4uli. 
On Julff }0, f!959, ::th.e p!W~ of §enityA I1Xl/.l w.Jed. on an 1!3/YJ 70ft 
4yAiem at. t:h.e [ornmi.44aJt.i..a;t a 1. 1 (,n~e Ato~e i.n 'Pa.niA to compU-te pL 
io 16167 deci..rrr:Jl pl.ace4. 7/t.W l.aie4i appll.Ox.i..rrrd:.Wn i.n unfJl/1-b..lWh.ed at. 
pll.e4 ent.. L9 
•! li i1 t:h.e p;wbl.em of 41fua/U..nf; i:Ae ci.Acle h.ad not. f.oew.Jed i:Ae i.nt.&e/.Ji 
of- rrn.;/:h_erro;;Uci..arv.J ori. i:Ae numb& 11 , i.Aeff would ~_ve been 'obl4Jed to /J-nd. 
an appll.Oxl.mcd.e value {.oil. i:h1.A numb& becaw.Je Of L&.1 i.mpo.ll.i:an.ce i.n oi:Ae;z. 
conned:l.oM. 'Pi.. 1..4 no l.oru;& an ~wn i:.lzat .iA io be accepied bu;t a 
pll.Oven numb& i:Aat. 1..4 to be cal.culat.ed and w.Jed. Th.e rrvliva:ti..on o/ 
rrvde;z.n and pll.e-rrvde;z.n calculaioM o/ pL wLli.. be fXUJ4ed ::to fjenea.a:li.oM to 
come wil:A ;:f;fte undeM:Ixmdi..nff i:.lzat t:h.eff al.4o wLli.. pll.Ove, c:f_Wpn-ove, 
cAal.l.er1fje, and. accept. t:h.e ma.nff t:h.eoll.i..e/.J and. valued o/ pi... 
COV77?1!JJ7(JR5 70 711{, VAUJc OF rpJ 
Oa:te Cord:AJ..btdoll. :Va;Uon Value 
3000 B.C. rp~ &J!fpi:. 3 1/7 
2ooo B.c. Y?!Und rpap!fM4 &J!fpi:. 16/9 
950 B.C. Bi.bl.e lle61l.ew 3 
24o B.c. All.c!Wnedea yll.eeR 6eiweeri 1 ~9/] I & 
/ ' ' 3 1/7 
10o B.c. fleMn Al.e.xa.ndAJ..a 3 I 17 Oil. J 
... 
· 20 B.C. VL&uvi.w.J l:taJ.!f 3 !/8 
25 A.D. LuiA ll-1i.ao r/un.a 1..- 3. L6 
97 A.C. 5 exi:u4 7u.iJ.w.J F Mn:ti.nw.J C!Un.a 3 1/7 
125 A.D. [h. 1 ~ floTlfJ CIU.na l/0 
150 A.D. rp:!:JJl.emJj Al.exand.ll.i.a 3 17/120 
250 A.D. tl)~ Fan CIU.no. 142/45 
263 A.D. Lui.. flui.. CIU.no. 157/50 
450 Ulo CIU.no. 3.1432 
480 7 /.JU c h I UT1fJ- ch.1JL Ctww. 6eiween 3.1415926 & 
].t/;15927 
500 / r!{ Ait!JG--/3Juda lndi.n.. 6eiween ], 177/t250 & 
62832/20000 
505 Vaa.ah.amiJU..Jw. rpanch.a Si.dd.Aaniifl.a lndi.n. flO 
530 Baud.h.a!JG-M lndi.a 49/16 
628 B-1alunat;;up:!:a India 22/7 
825 al.-Kh.ouxvti:pnL All.a6i.a 22/7, ltD; 
62832/2ooOo 
850 !rbhavi.M. lndi.a YiO 
1150 Bh.Mkall.a lndi.a 3927/1250, 22/7, "'ito, 
754/240 
t220 Leon.aru:Lo rp .Wano l:taJ.!f ;44o/458 
/260 :Johann.ea CampaneM li:.al.!f 22/7 
_, 
t4JO Al. KMIU. rpeMi.a 3.1~15926535898732 
!460 yeoll{j von 'PewbacA Aw.JiA.i.a 628]2/20000 
!'64 .1'i..cala.LuJ cLe CU/.Ja yell.llnn7 Jl4 ('(j -fw 
!464 7?~rw~ YeA1l¥1l1!f ).14]4] 
1525 SlifeL ~ell/TWl.!f 3 t/8 
1573 v alenE.n. Ow yiVurwty. 355/11] 
1579 V.i. eta FM.nce q pl.ac~ 
1580 _ 7 !fdw Bn.aAe OennrJ!lh. 88/(785 
1585 Si.nt;n van: cL(yz_ cy.ch.e Ne:tA~ ].1416055 
1585 Anr:l:aJ..aen Ardlwrvi.4~. FiiJ.nce 355/113 
1593 Andrdaen lY,e:fA~. 17 pl.aceA 
1!596 Ludoi.p/1. van C eui.eJ1 qWrrm.?J 2Q pl.acrv.J 
1610 Ludol.p'J. .van C eukuz. Yell/TWl.!f 34 pkcrv.J 
16}0 ytU.en.b~eA. I:talu 39 pl.acrv.J 
1650 Joh.rr. fJ)al.llA t~ 3.14 
1654 c fvtiA:li.art f/ Uytjen/.J fle:f.A~ 9 pl.acetJ 
1666 TlwrrKJ.A !la66-i4 - c~ 3 !/5 
!666' Sato-5 el-k .. y 
'ltfXIA ]/14' 
!668 Y1t¥1t!J Scoiland 3~ !4 
!673 Lel6ni:l::~ 9ellJirm!f J~ilt 
!685 F ai;h.eA, Koch.arv.1kffr 'Poland ].1415333 
!690 TaAil;e :Japan 4! pl:acrv.J 
1699 5/u:utp c~ 72 pl.acrv.J 
1706 ~dun. tru;kmd I 00 plp.crv.J 
1719 Lmjn!f' F~tanr.e 127 pl.acexJ 
1720 frht:A~ ~!JA~U :Japan 50 pkcrv.J 
1753 m de c QU/.JCU'I/.1 f~tance 4 
1760 [o'ani. cLe Buf~n .Yell.llnn!f J. llf-15929 
!776 H~..de Yell.llnn!f 3 !4/99 
1?89 {jeolli}e Vega !lw.JiA.i.a . i4 3 p1ace4' 
1794 yeoll{}e Vega Aw.JiA.i.a !40 place.-1 
!800 (;huf!Wl{f Ch!-na rlJQ p.lace1. 
!825 !tblaCl:JJme li:al.ff 7t .£ 3' 
t828 Specld: Yell.llnn!f ].141591953 
~ 
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/-1 elen A. (f)~ 
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f}ll( 
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NOR( 
F /t.CUI..C01..4 Ye1Ul!f4 
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10, ()()() pl.acf!/.1 
16,167 .place/J 
100,265 placed 
5f!A4'K5 707 Off)/rYlL 'Plifl} (F 7>1 
Compt.d.ed i..n 1873 
3.14159 26535 89793 2]846 26433 8]279 50288 419?1 69Y?9 
J1510 582(7J 74944 59230 78164 C¥5286 20899 86280 ]4825 
]4211 70679 . 82tlf8 OB65! 32823 (1564 ? (11}84 lt6095 50582 
23172 535.94 08128 lJ81 (I 7IJ502 84t02' 7019) 85211 05559 
6/,t462 29489 54930 ]8196 44288 1Cfl75 66593 34461 28475 
64823 37867 83165 27120 19(Jfl 45648 56692 3ltci03 lt8610 
lf5432 66482 13Yl3 60726 02491 41273 72458 7oo56 05]15 
58817 488l5 20120 96282 82540 91?15 ]]64]6 78925 90]60 
01133 05305 48820 46652 1]841 46951 9415/ !6(Jt4 3]057 
270]6 57595 91953 {!J2!8 61173 8{9}2 61179 3(051 !85lt8 
074lt6 2]798 34749 56735 !8857 52724 89!22' 19381 8]011 
94912 9,83]6 73362 ,ft41(J3 664]0 86021 Yl501 6fYl2* 48077 
2]094 . ]6285 53096 62027 55693 9798o 95022 24.7~9 96205 
07497 03041 2)568 86199 51100 89202 38377 02131 4!694 
1'(902 98858 25446 81639 79990 '-6597 OOo8! 70029 63123 
77381 }4208 41307 91451 t8Yj8 057(7[ 85 
Of}F}I(,,!J ri?O]Wn .F~: CO!t'f!YJT(fi, (OrrrimAT 1011' CF 
'17 = l - t/3 + 1/5 - I /7 + I /9 - 1/1 I + I /1} - l/15 - 1/17 - I /19+ ••• 
f>IW~ 5eAJ..e4 (!1'7{{1, rJJT7¥J7) 
Dl!YfjV51QV fSlqN/17), 5ri?lf1t (5500), 11!1?1/r't (5500) 
111.181 ~ S!J/t' A B 
' '"<..,, ~ , 
7<.tAD l, lA 
l rORtMT (15) 
S71J?liff_, (I) = +l. 0 
571Rl/tf, (2) = +I. o 
lrRl!ft ( /) = 2 





B = }.000 
sum = 1" 8 JJ33J3J3JJ3J3JJ 
KSCNT = 3 
ft1=2 
IJO 20fJ R = 4,, lA 
B = B + 1.000 
A= t/8 
'J = I JX)() * K 
C = SqRl (':J) + t. ooo 
lc. = L~T (() 
L=l 
L-L+I 
IF (I[.9.L) 3, 5 
IC = K/L 
IB' = IC ~ L 
IF (K.tQ.I/3) 75;2 
It!= K + /" 
I'P!J(jV = I. 
19 = lf//4 
IO = 4 * Iy 
7 IF (Ifl.f,Q.IO) 8J1 
8 t11=tn+/ 
Sri?lfrt ( m) = +I. o 
Iri?Ifrt (til) = K 
ASlf/1 = SrRI!rlf~ (tn) 
gJ TO 100 
9 (rj=nl+ I 
57!i?.l/Yt (trJ) = +1.0 
IW?l!ft (!~) = K 
ASl(J/ = 57Yi?lfrt (ltl) 
W iO 100 
75 l) =I 
17>£gl = 0 
II fXJ 12 I = I, I? 
F5I9V (I)= +1.0 
12 CONTINue 
I= o 
I7< = K 
I 3 V = l!PRifrt ({/) 
;} = .2' + I 
14 IQ = I7</N 
17> = IQ * /v 
15 IF- (I7<,f,Q.l7>) 16, (3 
16 1 = 1 + l 
17( = lQ 
F5P}1 (I) = 57!/?lfrt (:J - I) 
IF (I7<.,f,Q.t) 17, 14 
1~ T(fltn =' +I. o 
!XJ !8 l • I, 17 
Tff?tn = T(fl.tn * f5lyN (I) 
18 COVTIA!Uf;, 
,4SlfiV = Tfj?tn 
I 00 SU.IYJ = 5()ln' + A519/ * If 
IF ( ASI(jN.{,Q-tl. o) 50, 101 
50 KSC!f! = KS(YT + I. 
!Ol tr ~ K/50 
IV =·,50 *IT 
IF (K.(,Q.IV) 175, 200 
175 'PRINT l9,· K, YJIJ;N, In,. A5IFN, A, 5U/}J 
19 FORtrAT (I /X, 15,6X.,I!_,_6X, Ilf, 6X,F6.1~ IOX,£J4o.28, ;ox, Olfo. 20) 
7CNU/YJ = 1. 000 *KS(VT 
W.Nt1! • I • 000 * I< 
YMT 10 = YWU!YJ/RD.V Ill 
176 miNT 177,. KscvT,, Y?ATio 
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